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Part 1

\n/}s ot are a@g.e.br'au'c
theories?




\,\/l\o\t LS on al,.el:raéc ﬂueorvz

- A group is o cet G equipped with
m.Gx6—G

Satis gytng

VI,\},‘Z.GG-, M(m('x,\}),t).:m(x,m(%z))

FeeG st () VxeG, m(ex)=x=m(x,e)
i) Vx¢G Ix'eG st

m (%', %) = € =m (x, x')



\,\/l\o\t LS on al,.el:raéc ﬂueorvz

- A group is o cet G equipped with

m;G—XG-'-—-’G-

L. G—>G

eeG

Satis gying

\/:c,\gl'z EGC m (m (3, v),2) = m (><,m(‘912))
Yxee m (W, x) =e

Vxeo m(x,i(0) =€

Vxe& M(e,x)=)c

¥xeG m(x, €) =X



\,\/l\o\t LS on al,.el:raéc ﬂueorvz

- A group is o cet G equipped with

m:G—> G

i: G — G

e:G — G

Satisgying

\/:c,\gl'z EGC m (m (3, v),2) = m (><,m(‘912))
VieG m (), x) =e

Vxee m(x,i(0) =€

Vxe& M(e,x)=)c

¥xeG m(x, €) =X



\,\/l\o\t LS on al,.el:rm'.c ﬂueorvz

* Ar\ eel,ua'(:tonal ‘t‘\eoﬂ’, congists of

i:] A set SL op J;unctém\ Symbols

Li) An O\rit\? s,v\.nttion o: (L—> No

Ii.i)A cet T of e_%u\odziOﬂg built Fron, the
S,W\ctivn gymbols end voariablaf °¢, 4T,

ea, SL=im, i, e x(m)=2 (L) =]
’ { } x(e)=0

T=f{m(mG,9),2)=m (2, mly,2)),
M(i(?t.\, )L‘ :el

-3



\,\/l\o»t LS on al,.el:rm'.c ﬂ.eon,’.l

' A model of an equational theory is

) A cet A
“:) For eqc[\ ‘p/md:im ..\'Aj«mbol oceﬂ, an

interpretatien
P x(§)
g1 A —s A

W) such that “the equations hold"
e‘t}. gor ?rov\.pr, have
V,(,\’,'t 3 A’ |m | (Im1(x, ‘y),z) s |m|(>c,|m| (.’,,2))

and So on...



\,\/l\o\t LS on al,.el:rm'.c ﬂueorvz

y E’:(a.mpfes: G’Fowp:, Rings, Leifi(ey

’ me-eaco\MerS: Fie[&.\'
W"\V}.Z. Eobm.-(:eom mwst be um.‘vemu,, Gtumn{:t:p-'eo\

Cbud: takes « l:.ttle more werk 4o prove no

oxcomatisatisn works )



Universal ofoebra

* Waat to Studt}, equational tCtheorves as objects
in Chelr own Piql\t

» Problem: “same” 'ELeorl,, ca~ be presented Ly
diggerent operctions and e.o.’ucd:tmr
®Solution: Abstract clones of Lowvere theorves
Tdea: Doat treat some operatcons as “beusce”
or "special”
Thrrteod consider the set o oll
operotions, and dewribe how they compose



Po.rf 2
What did T do?




'ren.for.f of ‘t‘\\}.f

« The tensor product LS o way & Combine

two L oawvere theories and ?e{: o new one
v A model g L @l, 5 o set with the
structure of @ model o L, and the
Sstructure of o model of L,, such that

“the operations commute®
0 USetfﬂ-l n COMPM’tEf Science, gor S'fud‘}':"'}

‘o lg,ebrai(. epgects )



First haly op project

.’rensor proJ\ucts o(f fe\r-?c Lawvere

theories don't o:lwow}.s‘ exist
¢ Goncharov and Sc’\riieler*:kow 'bl\e‘y exust

Lg one of the <+theories is "u.m.'}orm“
* Corrected proog
. Apftteo\ o hSeLg(_t“ "U\eonﬁ,

% Powermonads and Tensors of Unranked Effects



Notio ns o Compos cteon
¢ G—enerq.(c':eck al%brac'c U\eorv’, - l\mve o

collection of operations, and yow can compose
apera‘fions

* What do we want '\Qou can Compose opero:(:ions“
40 mean?

o "rhi,nk of an n-ary opera:tion as o« mochine with
N inpat wires and one output wire

T
T 1 7




N otcons og compos cteon

*To compose operations, hook wp the wires
* In a Lowvere ﬂ\eor% wires can cross, split and end




N otions og compos cteon

* When Composdn? the operations of ou(swn.me(:n'c)
operad, wures cant end or split

*We con prcture thes os machines )oineo\ bo.,,
Conveyor belts
* An operod can be specified b\, on eiua'(:t'onat theory

where all variables (n an equation occur exactly

once on eoch scde



N otcons og compos cteon

* Fov- example, there («S A w

OPe"M (abelwm roup

without uwcrus)

¥ ¥y

|
\
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N otcons og compos cteon

* Fov- example, there («S A w

OPe"M (abelwm roup

without uwcrus)

;Y




Second halp of project

> . .
o H‘?e%h‘k gives o o\ejc'nc'f.l.'on of &
?Qner'o.liseok alqebratc ‘tkeortﬂ, (MS(.'M} profu,nctor:)
*d¥ |
OKock gives a very olifferen{: approo.c[\ to
operads [“5""‘} pelynomial functors over

?rowpofd.s)
*Can we rigerously relate these approaches?

° Made Some progress, more to be done

> Elements of a theory of algebraic theories
9% 9& Data Types with Symmetries and Polynomial Functors over Groupoids



Qmestior\SZ



